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Aeroelastic Characteristics of Double-Swept
Isotropic and Composite Wings
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A new planform of a wing having two sweep angles is proposed to enhance the aeroelastic stability with no loss
of the aerodynamic bene� ts of a swept-forward wing. Aeroelastic analysis is performed with the � nite element
method to model wing structure and the doublet point method to predict aerodynamic loads. The sweep angle of
the inboard wing is varied in this analysis, whereas the outboard wing is swept forward to a preselected amount.
The results show that the aeroelastic stability can be drastically enhanced by adjusting the sweep angle of the
inboard wing. The effect of the � ber orientation on the aeroelastic stability of the double-swept composite wing is
studied, and the proper ply angle is identi� ed to maximize critical speed.

Introduction

T HE planform of an aircraft wing has evolved to enhance air-
craft performance, speed range, and so on. The typical wing

planform of the early aircraft was rectangular or elliptic without
any sweep angle. The swept-back wing has been a prototype since
it was introduced in Germany during World War II. The Junkers
Ju 287 bomber developedduring World War II was the � rst aircraft
to employ the swept-forward wing. However, few aircraft with a
swept-forwardwinghavebeenbuiltbecausethe swept-backmetallic
wing has a greater divergence speed than a correspondentlyswept-
forward metallic wing.1

The reintroduction of the swept-forward wing is mainly a result
of Krone using advanced composite materials.2 He showed that the
use of compositescouldpreventthedivergenceof the swept-forward
wing.3 The application of the advanced composite materials using
aeroelastic tailoring led to the emergence of the X-29 aircraft of
Grumman.

Many investigations1;3¡9 were done on the aeroelasticstabilityof
swept-forward composite wings. Their main objective was to study
the effect of bending-torsion coupling on the aeroelastic stability
accordingto � ber orientationandstackingsequence.The motivation
of this research is the inference that the divergence speed of the
swept-forward wing will increase as the sweep angle of inboard
wing changes keeping the sweep angle of outboard wing constant.
This double-swept wing may have the aerodynamic merit of the
swept-forward wing in addition to a high divergence speed.

The objective of this paper is to study the aeroelastic characteris-
tics of the double-sweptisotropicand compositewings. The wing is
assumed to be plate-like.The � nite element method for wing struc-
ture and the doublet point method for aerodynamicloads are used to
model the general-shapedwing. Numerical results show the effect
of the inboard sweep angle for the isotropic angle and the effect of
the � ber orientation on � utter and divergence speeds.

Aeroelastic Equations
The aeroelastic equation can be derived using Hamilton’s prin-

ciple

±

Z t2
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.T ¡ U / dt C
Z t2
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±W dt D 0 (1)

where T is the kineticenergy,U the strain energy,and ±W the virtual
work done by aerodynamic force.
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Because the wing is assumed to be a plate in the x ¡ y plane,
the displacement � eld is expressed using the transverse shear de-
formable plate theory10 as

u.x; y; zI t/ D u0.x; yI t/ C zÁx .x; yI t/

v.x; y; zI t/ D v0.x; yI t/ C zÁy.x; yI t/

w.x; yI t/ D w.x; yI t/ (2)

where u, v, and w are the displacementsin the x , y, and z directions,
respectively;the subscript0 means the values in the plate midplane;
Áx and Áy are the rotations about the y and x axes, respectively.

After expressingT , U , and ±W in thedisplacementsin Eq. (2) and
applying the constitutive equation relating resultants with strains,
the � nite element formulation can be achieved through the use of
the linear Lagrangian interpolation functions

Mü C Ku D f (3)

where M is the mass matrix, K the stiffness matrix, f the force
vector, and u the displacement vector consisting of w, Áx , and Áy .

The accurate evaluation of aerodynamic loads is of importance
in aeroelastic analysis. Ueda and Dowell11 developed a simple
method for the unsteady aerodynamics described as the doublet
point method (DPM), which calculates the steady-statepart with no
aid of the vortex lattice method.

The pressure coef� cient 1P and the nondimensional upwash
velocity Nw on the oscillatory lifting surfaces are related by the fol-
lowing integral equation:

Nw.x; y/ D 1

8¼

Z

S

Z
1P.»; ´/K .x ¡ »; y ¡ ´I k/ d» d´ (4)

where the kernel K .x ¡ »; y ¡ ´I k/ is a function of the reduced
frequency k and found in Ref. 11. Dividing the wing planform into
element surfaces and allocating a doublet point (»i ; ´i ) and an up-
wash point (xi ; yi ) in each element accordingto the 1

4
– 3

4 chord rule,
Eq. (4) can be discretized into the linear algebraic equation relating
the nondimensionalupwash vector Nw and the pressure vector p as

Nw D
¡
2
¯

½1 V 2
¢ NA.k/p (5)

where ½1 is the air density and NA.k/ the matrix of aerodynamic
in� uence coef� cients.

The force vector f k acting on the doublet point can be expressed
using Eq. (5) as

f k D 1
2 ½1 V 2S NA¡1.k/Duk (6)
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in which S is the matrix of the aerodynamic element area, NA¡1.k/
the inverse of NA.k/, and D the matrix relating the upwash velocity
Nw to the wing displacementuk at the doublet and upwash points.

The force vector acting on the structural grid points is obtained
from the f k in Eq. (6) through the interpolation using the surface
spline method12 as

f D !2Q.k/u (7)

where ! is the angular frequency and the aerodynamic matrix is
given by

Q.k/ D
¡
½1b2

¯
2k

¢
GT S NA¡1

.k/DG (8)

and G is the interpolationmatrix and GT its transposematrix to give
uk D Gu and f D GT f k .

The aeroelastic equation can be obtained by substituting Eq. (7)
into Eq. (2) as

Mü C Ku ¡ !2Q.k/u D 0 (9)

Because the aerodynamic matrix Q.k/ is obtained under the as-
sumption that the lifting surface undergoes harmonic motion, the
aeroelastic equation can be expressed as

[M C Q.k/ ¡ ZK]u D 0 (10)

where Z is the complex eigenvalue and the structural damping g is
introduced to solve Eq. (10) as follows:

Z D .1 C ig/=!2 (11)

Using the modal approach throughmodal transformationu D U q
to save computation time, Eq. (10) becomes

U T [M C Q.k/ ¡ ZK] U q D 0 (12)

where U is the modal matrix consisting of N eigenvectors from
free vibration analysis. After the complex eigenvalues of Eq. (12)
are found for each reduced frequency, the frequency, the structural
damping, and the velocity can be obtained as follows:

! D 1
¯p

Re.Z /; g D Im.Z /=Re.Z /; V D !b=k (13)

where Re( ) and Im( ) denote the real and imaginary parts of a
variable, respectively; b is the semichord at the wing root. Flutter
occurs when the g value intersects the zero axis.

Because the divergence is a static phenomenon, the divergence
speed can be computed by neglecting the mass matrix M and ap-
plying steady air load by making the reduced frequency k go to
zero as

U T
£
K ¡ 1

2 ½1 V 2 lim
k ! 0

Q.k/
¤
U q D 0 (14)

Isotropic Wings
The geometrical de� nition of the double-sweptwing is shown in

Fig. 1, in which 3i and 3o are the sweep angles of the inboard and
outboardwings at the centerline,respectively;¸i and ¸o are the taper
ratios; `i and `o are the span lengths; and c is the chord length at
the root. The sweep angle is considered positive in the aft direction
and negative in the forward direction. The structural characteristics
for this wing are

E D 73:8 GPa; G D 27:6 GPa

t D 1:0 mm; ½ D 2768 Kg/m3 (15)

Fig. 1 Geometrical de� nition and coordinate of double-swept wing.

Fig. 2 Flutter and divergence speeds of single-swept isotropic wing vs
sweep angle K .

Single-Swept Wing

In general, the � utter speed is higher than the divergencespeed in
case of swept-forward wings and vice versa in case of swept-back
wings.13 This phenomenonis dependenton the relationshipbetween
aerodynamic center, elastic center, and center of gravity of wings.
The � utter and divergence speeds of straight wings are calculated
with a single-sweep angle variation to compare the results with the
aeroelastic characteristicsof double-swept wings. The geometrical
properties of the single-swept wing are

c D 76 mm; ` D `i C `o D 305 mm; ¸i D ¸o D 1

3 D 3i D 3o D ¡30 deg » 30 deg (16)

The wing structureis modeled with the four-node� nite elements.
Six � nite elements are used in chordwise direction and 16 elements
in spanwise direction. The same number of the doublet point ele-
ments is used to predict aerodynamic load. The � rst 10 modes are
selected in this aeroelastic analysis. The accuracy of the computa-
tional results can be referred to Ref. 9.

Figure 2 shows the in� uence of sweep angle upon the aeroelas-
tic characteristics of the single-swept wing. The divergence speed
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Fig. 3 Mode shapes of single-swept isotropic wing: K = ¡ 30 deg.

Fig. 4 Variation in sweep angle of inboard wing and de� nition of � ber
orientation.

increases as the sweep angle increases in the aft direction. The � ut-
ter speed decreases monotonically, jumps up near 3 D 0 deg, and
then decreasesas the sweep angle increases in the aft direction.The
reason the � utter speed does not decrease monotonically is that the
� utter mode is in� uenced mainly by the second and third modes in
swept-forward wing and mainly by the � rst and second modes in
swept-back one, as shown in Fig. 2.

The mode shapes of free vibration are shown in Fig. 3 for the
isotropic single-sweptwing with 3 D ¡30 deg. The mode shapesof
the forward-sweptwing are in a wash-in condition,which generally
gives a low divergence speed.

Double-Swept Wing

The double-swept wing consists of the inboard and outboard
wings with different sweep angles. The swept-forward angle of
the outboard wing is held constant to prevent the occurrence of
boundary-layer separation or stall at the wing tip, and the inboard
sweep angle is varied as shown in Fig. 4 to study the behavior of
� utter and divergence instabilities.

Two wings with the different span lengths of an inboard wing
are considered to illustrate the effect of the inboard sweep angle on
the aeroelastic stability. One wing has a length `i D 0:25`, whereas
the other has a length `i D 0:5`. The outboard sweep angle remains
constant at ¡30 deg, whereas the inboard sweep angle is varied
from ¡30 to 30 deg. The wing is assumed to have a chord length
c D 76 mm and a half-span length ` D 305 mm.

Figure 5 shows � utter speed vs 3i for `i D 0:25` and `i D 0:5`,
and Fig. 6 shows divergence speed vs 3i for both lengths. Figure 5
shows that the double-sweptwing with `i D 0:5` has the maximum
� utter speed at 3i D 25 deg, which is about 50% larger than the
speed at 3i D ¡30 deg while the wing with `i D 0:25` obtains a
small increase of the � utter speed by changing the inboard sweep

Fig. 5 Flutter speed vs inboard sweep angle K i of double-swept
isotropic wing: `i = 0:25` and `i = 0:5`; K o = ¡ 30 deg.

Fig. 6 Divergence speed vs inboard sweep angle K i of double-swept
isotropic wing: `i = 0:25` and `i = 0:5`; K o = ¡ 30 deg.

angle. The results in Fig. 6 illustrate that the divergence stability
for the double-swept wing can be enhanced by selecting a proper
inboard sweep angle.A 30% increase in the divergencespeed of the
wing with `i D 0:25` can be achievedat 3i D 25 deg in comparison
with 3i D ¡30 deg. In the case of `i D 0:5`, the divergence speed
at 3i D 25 deg is about 112.3 m/s, which is three times as large
as the speed at 3i D ¡30 deg. It is observed in Figs. 5 and 6 that
the double-swept wing with `i D `o D 0:5` can greatly enhance the
aeroelastic stability at 3i D 25 deg by increasing the critical speed
about130%larger than the speedof the 30-degswept-forwardwing.
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Fig. 7 Mode shapes of double-swept isotropic wing: `i = 0:5`, K i = 0 deg, and K o = ¡ 30 deg.

Fig. 8 Mode shapes of double-swept isotropic wing: `i = 0:5`, K i = 30 deg, and K o = ¡ 30 deg.

The mode shapesof the double-sweptwing for the casesof 3i D 0
and 30 deg are plotted in Figs. 7 and 8, respectively. The contour
lines are very similar on the outboardwing for both cases.However,
the differences in the deformation pattern on the inboard wing are
apparent. The � rst mode shape for 3i D 30 deg shows wash-in on
the inboard wing, whereas that for 3i D 0 deg shows wash-out. In
the case of the second mode shape, the wing with 3i D 30 deg has
more tendency to wash-in than the wing with 3i D 0.

Composite Wings
Manystudieson aeroelastictailoringhave focusedon theeffectof

the bending-torsioncoupling of compositematerial upon the aeroe-
lastic behavior. The stacking sequences considered in those studies
are usually made to maximize the bending-torsion coupling. The
laminates having such stacking sequences are not used in the air-
craft industry where most of composite wings adopt the balanced
symmetric laminate consistingmainly of 0-, §45-, and 90-deg lam-
inae. The composite wings investigated in this study are a quasi-

isotropic wing with [0=§ 45=90]¯

S and an anisotropic wing with
[µ=0=§ 45=90]¯

S , where ¯ is the reference angle from which the
� ber orientation is measured, as shown in Fig. 4. The material data
of AS1/3501-6 taken from Ref. 5 are listed next:

E1 D 98:9 GPa; E2 D 7:9 GPa; G12 D 5:6 GPa

º12 D 0:28; t D 0:134 mm; ½ D 1520 Kg/m3 (17)

Quasi-Isotropic Composite Wing

The aeroelastic characteristics of the quasi-isotropic composite
wing are studied for three cases that are discriminated by the refer-
ence angle ¯. The compositewing is double swept at `i D 0:5`, and
the inboard sweep angle 3i is varied from ¡30 to 30 deg with the
3o � xed at ¡30 deg.

Figure 9 shows the effect of the inboardsweep angleon the � utter
speed of the composite wing with [0=§ 45=90]¯

S . Three reference
anglesare consideredin Figs. 9 and 10: ¯ D ¡30; 0, and 30 deg. The
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Fig. 9 Flutter speed vs inboard sweep angle K i of double-swept quasi-
isotropic wing: [0/§ 45/90]¯S , `i = 0:5`, and K o = ¡ 30 deg.

Fig. 10 Divergence speed vs inboard sweep angle K i of double-swept
quasi-isotropic wing: [0/§ 45/90]¯S , `i = 0:5`, and K o = ¡ 30 deg.

change in the � utter speed with the inboard sweep angle is strongly
dependent on the reference angle ¯ . For ¯ D 0 and 30 deg the max-
imum � utter speed occurs in the negative 3i . For ¯ D ¡30 deg,
however, the maximum � utter speed is reached near 3i D 20 deg. It
is found in Fig. 9 that the variation of the inboard sweep angle 3i

can increase the � utter speed.
Figure 10 illustrates the divergence behavior for the three cases.

The change in the divergence speed is monotone as 3i is increased.
Especially, in the case of ¯ D 30 deg the divergence speed is the
highest over the entire range of 3i .

From the results in Figs. 9 and 10, it is found that the maximum
� utter speed can be obtainedin the case of ¯ D ¡30 deg whereas the
maximum divergence speed is in the case of ¯ D 30 deg. However,
the wing with ¯ D 0 deg has the maximumunstablespeed (61.7 m/s)
at 3i D 16:7 deg. It means that a proper selection of the reference
angle for � ber orientationis of great signi� cance from the viewpoint
of the aeroelastic characteristicsof double-swept composite wings.

Anisotropic Composite Wing

The double-swept anisotropic wing with the laminate [µ=0=
§ 45=90]¯

S is chosen to study the effect of the � ber orientationon the
aeroelastic stability. The wing has the geometrical con� guration of
`i D 0:5`, 3i D 30 deg, and 3o D ¡30 deg. The selected reference
angles ¯ are 30, 0, and ¡30 deg as in the case of the quasi-isotropic
wing.

Figure 11 illustrates the effect of the � ber orientation µ on the
� utter speed of the double-swept anisotropicwing. A complex plat-
form of the double-swept wing makes it dif� cult to interpret the
relationshipbetween � ber orientationsand � utter stability.Because
a swept-backwing is, in general,more criticalto � utter thana swept-
forward wing, the � ber orientation in the inboard wing(0 · x · `i )
may play an important role in the aeroelastic instability.The highest
� utter speeds in the cases of ¯ D 30, 0, and ¡30 deg occur at the

Fig. 11 Effect of � ber orientation on � utter speed of double-swept
anisotropic wing: [µ/0/§ 45/90]¯S , `i = 0:5`, K i = ¡ 30 deg, and K o =
¡ 30 deg.

Fig. 12 Effect of � ber orientationon divergence speed ofdouble-swept
anisotropic wing: [µ/0/§ 45/90]¯S , `i = 0:5`, K i = ¡ 30 deg, and K o =
¡ 30 deg.

� ber orientationsµ D 120, 150, and 180 deg, respectively.All of the
� ber orientations are 150 deg when it is measured from the ys axis
de� ned in Fig. 4. Such � ber orientationslead to a wash-in condition
in the inboard wing that is swept back. Therefore, it can be said that
the wash-in condition in the inboard wing makes the � utter speed
highest at the � ber orientation. The wing with [µ=0=§ 45=90]¡30

S
has higher � utter speeds than the others over the entire range. This
is because the wing with [0=§ 45=90]¡30

S has much higher � utter
speed than the others at 3i D 30 deg, as shown in Fig. 9.

Figure 12 plots the effect of the � ber orientationon the divergence
speedof thedouble-sweptwing.Thedivergencespeedsforeachcase
are high when the � ber orientation is set to an angle to give a wash-
out condition in the outboard wing. The angles are about 15 deg
for [µ=0=§ 45=90]30

S , 45 deg for [µ=0=§ 45=90]0
S , and 75 deg for

[µ=0=§ 45=90]¡30
S . The range where the divergence speed is high

depends on the reference angles ¯ for the � ber orientation. The
rangewhere the divergencespeed is high is relativelynarrow for the
case of [µ=0=§ 45=90]¡30

S . This result conforms to the fact that the
divergence speed of the quasi-isotropicwing with [0=§ 45=90]¡30

S
is relatively low, as shown in Fig. 10. Comparison of Fig. 12 with
Fig. 11 shows that the minimum divergence speed occurs when
the � utter speed is highest. This phenomenon is the well-known
aeroelastic tradeoff in � utter and divergence.

Conclusions
An improvement of aeroelastic stability has been attempted by

proposing a double-swept wing, which has two sweep angles. The
main idea is to make the inboard sweep angle of a swept-forward
wing be swept back to increase the divergencespeed with no loss of
the aerodynamic advantage of the swept-forward wing. The � nite
element method and the doublet point method are used to take into
account the generic wing shape.
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The numerical examples are presented for the isotropic metal,
quasi-isotropic, and anisotropic composite wings. It is remarkable
that theproposeddouble-sweptisotropicwing greatlyincreasesboth
the � utter speed and the divergence speed by properly selecting the
inboard sweep angle. The effects of the � ber orientation have been
studied on the aeroelastic stability of the double-swept composite
wing. It can be concluded that the bending-torsion coupling can
be utilized to enhance the aeroelastic stability of the double-swept
composite wing.

One may well question whether the double-swept wing can lose
the aerodynamicbene� ts of the swept-forward wing. And it should
be noted that the double-swept angle may need the structural re-
inforcement at the root of outboard wing. More research into the
� elds of aerodynamics, strength, and � ight stability will make the
double-swept wing be a viable design concept.
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